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Large-scale measurements
VS
Fourier analysis

* A traditional approach to analyzing galaxy number
density fields is to utilize the Power Spectrum (or

Bispectrum) of its Fourier components.

* Power Spectrum analysis merits its intuitively simple
interpretation of the measurements in connection with
the underlying matter distribution, and it assumes that
the density fields are defined in a cubic volume.



Large-scale measurements
VS
Spherical Fourier analysis

As the recent and forthcoming galaxy surveys cover a progressively
larger fraction of the sky, the validity of the flat-sky approximation
and the power Spectrum and Bispectrum analysis become
guestionable.
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Large-scale measurements
VS
Spherical Fourier analysis

* Spherical Fourier analysis expresses the observed
galaxy fluctuation in terms of the spherical harmonics
and spherical Bessel functions that are angular and
radial eigenfunctions of the Helmholtz equation.

* This analysis provides a natural orthogonal basis for all-
sky analysis of the large-scale mode measurements.



Large-scale measurements
VS
Spherical Fourier analysis




The Spherical-Bessel formalism

|II

The “Spherical-Bessel” formalism was first proposed in redshift space by
Heavens & Taylor 1995 (see also Peebles 1973, Binney & Quinn 1991,
Fisher et al. 1994, Tadros et al. 2000) for the two-point correlation.
function

Then for the three-point statistics in real space, see Verde, Heavens &
Matarrese 2000.

The same formalism (for the power-spectrum) has been applied to real
data in Percival et al. 2004 (see also Tegmark et al. 2002) and extended to
include GR (projections) effects in Yoo & Desjacques 2013.

Compared to the traditional weak lensing, this spherical Fourier analysis is
known as the 3D weak lensing (see Castro et al. 2005), and it is shown in
Kitching et al. 2012 that the 2D tomography in weak lensing is just the 3D
weak lensing with the Limber approximation.



Outline:

* Briefly review of the full general relativistic
description:

- of the spherical galaxy Power Spectrum
(Yoo & Desjacques, arXiv:1301.4501)

- of the spherical galaxy Bispectrum
(DB+ arXiv:1705.09306)



see also Yoo & Desjacques (2013)

Spherical Fourier space

Let us consider a complete radial and angular basis
| kim) in a spherical Fourier space

Its representation in configuration space is
2 . -
(x|klm) = \/; k ji(kr) Yim (X)

where
r = [x|
x = (0, ¢)is the radial position
71(kr) is the unit directional vector of x
Yim(X) isthe spherical Bessel function
is the spherical harmonics function



see also Yoo & Desjacques (2013)

Spherical Fourier space

Let us consider a complete radial and angular basis
| kim) in a spherical Fourier space

Its representation in configuration space is

(x|klm) = \/g k ji(kr) Yim (X)

| kim) is orthonormal:

(K 1'm! |klm) = / dBx (K 1'm/[x) (x|klm) = 60 (k — k') 61 6yamm



ee also Yoo & Desjacques (2013)

Spherical Fourier space

Spherical Fourier decomposition of 6
5(x) = (x]6) = / dk " (x|klm) (kim|5)
0 Im

> 2
= dk — k 71(kr) Yim (X) Oim (K
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then

(k) = (iml8) = s [ dPheYin () ok



see also Yoo & Desjacques (2013)

Spherical Power Spectrum: (in real
space)
<5lm(k) 5;m,(k,)> — Jwémm/&(k, k,)
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For a rotationally and translationally invariant
Power Spectrum

(6(k)o*(K)) = Pk, k') = (2m)%6P (k — K')P(k)
the spherical Power Spectrum is

Si(k, k") = 6P (k — KSi(k) = 6" (k — k") P(k)



see also Yoo & Desjacques (2013)

Spherical Power Spectrum: (in real

space)
Other useful relations:

6im (k) = (klm|d) = / d*x (klm|x)(x|6) = / d3X\/g ki (kr) Y5 (%)0(x)

then

2k

Stk ) = 25 [ dxa [ dxa Yioa(30) Vi R2) () (K'r2) (8(x1)3(x2)

In case that time evolution is related to radial coordinates

!

Then, it is more natural these relations for computing
spherical Fourier modes and their spherical Power Spectrum.



GALAXY CLUSTERING IN GENERAL
RELATIVITY

* The standard approach to modeling galaxy clustering is based
on the "Newtonian framework"

It naturally breaks down on large scales, where relativistic
(projection) effects becomes significant.

Photon geodesic

Distant galaxy now

Milky Way then

Distant galaxy then



Relativistic (projection) effects

* The relativistic description of galaxy clustering can be derived

from the fact that the number ngbS of observed galaxies in a
small volume is conserved:

obs obs h
AN, = ny>dVops = ng Y dVphy

1) dVony # dVops due to the distortion between these two
volume elements: the volume effect, i.e.

- the redshift-space distortions - the gravitational lensing

2) Evolution bias b, takes into account that the comoving number
density of galaxies in the sample changes with redshift.

3) Magnification bias 9: lensing magnification alters the
observed number density of galaxies.



Relativistic (projection) effects

Putting all these effects together, the observed galaxy fluctuation is
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See Yoo 2008, Yoo et al 2009, Challinor et al. 2011, Bonvin & Durrer 2011 and Jeong et al. 2011



Relativistic (projection) effects

Putting all these effects together, the observed galaxy fluctuation is

H' (1—-9)
(1) _ _
Al [be Ao ]cp
Q)} 1 o1—=9) 1
| IV - 2——=T
XH X

Standard redshift-space distortions term

v

Doppler term

See Yoo 2008, Yoo et al 2009, Challinor et al. 2011, Bonvin & Durrer 2011 and Jeong et al. 2011



Relativistic (projection) effects

Putting all these effects together, the observed galaxy fluctuation is
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See Yoo 2008, Yoo et al 2009, Challinor et al. 2011, Bonvin & Durrer 2011 and Jeong et al. 2011



At second order???



AR = 55,2 [b, 20 — ” ~(1-9) 2 ] Alna® — (1-0Q) (2x1:<2> + %hf’) -(1-9) g_T‘z’ -2(1-Q)r®
A CI CI . ‘ . H
t Seco“ OI e' . , , 1 1 1, ) 2 2 H'
(2) o = p(2) _ (2)r _ 2.(2) _ 1 g ~(2) _ (1) _ = 5(1) 1) = /
+o® 4 Ly 27{1 2 — ot 270107 +2(~1+2Q) o4 Mo+ oV’ + 7 (2Q+ )w

(2014) +(—5+4Q+492—4£)‘I)2+(0||(') <l+2Q+ )qnﬂw (@) + 575 (02) %q)o”qw

see D.B. T
Hz‘)n")n‘l”r H‘)u”‘)n Hz"")"’+ 0w ‘I’dlqil %Un‘“(ﬁl ;2{ (1 + H2> dyvdfv — yz‘l")ﬁ‘l’
+% <l ,3::;) dvd’ — 7 0” vd + 732 ()||l ()"l + H(‘)l,-r(‘)i‘b - %(‘)_L,v(‘)i(‘)”'u + (—1 + XiH) DLivd v
{[ %, 10 +45,Q - 80" +8.0% +4ﬂfl+2L{—;(1—2Q)+X'in(-ugmghao‘%)h
+2 [b,. -2Q - ::—; - )%(1 - Q)] s — %d(:i + % [—b,.+2Q+ ;{—; + xiH(l - Q)] otv
+% [—2 +be — ::—; XiH (1- Q)] P - —Q()”<I>+4{ (b,, ~b.Q +2Q? —20‘?& ()‘f”) + 27 (1 - Q)
+XLH (1 ~Q0+20% - 25%)] ( TW 4 ”) }Alua“) + { —be + b2+ (,)‘)l"‘ +6Q —4Qb, +4Q?

00 le) H o H "N\ 6 H 2 , . 0Q
4=y —2b, +4 - 3 2 (1- = _(1-0+20% -2~
OlnL dlna +(1 -2+ Q) w ot ('Hz) "3 H’( Q)+ 27'12( Q420 (')lnL)

)Q liJe) 1 H 1,
— b, — l 2 ¢ ) e
{1 2b, — Q+2b.Q —4Q +40 +20hm]}(Aluu ) +4[ (1 2)@ +=9,®

+X_7'l
X W 1 do’'|
o (Hﬁ) ‘)Il"+Hz‘)nq““H?o”r_ﬁﬁ]l o

4 (2 4 . 2 2.
+x ( 1+Q+2Q2—201 L)<I>+2(1—2Q)0,|<b+—H(l— Q) dfv + ﬁ()”‘v— 7—{0“<I>’]T(”+ (1— Q+20°
1

0 92 V[ 2 (pm)? | dpw, (1-0-20% 4292 Lu-Qav-Lta-gu
2alui)[-2(T ) + STOR0] ] = (120 =207 4205 J @+ 2 (1= Q= (1- Q)@

i 00 2 s (X /(n -
o . (1) ] ,.(1) (l) ij(1) 2 — (1) - (1) 1| A .
(1-Q)6! ] +(1- Q) v +2<1 Q+20% — om’) (A, ) 2(1- Q) |y +4[ (m.q)

: " 1 i i(1) qi(1) ¢
—e)liz)ﬁz;) + X010 + x0L® — 27 (1 — Q)00 + (- Q)oL,.Ama(”] S 401 - Q)8 ei Mg,

(1- Q)8 — 20,5 \iu (1-9Qa

;<||.x..

XH H H H

X
+4QW {4_ (1 L )Alnu b4 T(“ e ] +8(1- Q) / (1)2[ ), ST+ ( - i@) Hm]
\H Jo dy x

1 /X , - ; 1 X - o1
-= / dy <q>2 +@'TW 4 201 4 );e)hq»i)l:ﬂ“) + = / dy (v — x)[— 260,87 +2 (‘ll Td») H,“)]}
X Jo X Jo ax X

2 X , 2 )
+2[ D0 — 20,0 + it)mﬁw— =000 — X010,V — X1 ® + 2y (1 — Q)m,@] IR

(1= Q) (2400 + varath ) — 81— Qupa (270 43 [T Wa) 2@, o) [ (24 L) o2
See also D.B. et al.(2014a,b), (1= Q) (®eyo vakovls) =81 = Dy (x A X ) ( 'n)[(w H) [

. . . Hoo1y., 1 1. 1, 1 de'] -
YOO & Zaldarrlaga (2014) 7 Dl Dlo +<—,}?+H>¢’ +m()”‘p+ ﬁ()‘”,l‘+ﬁ()”q)_ﬁﬁ] +l‘J_v|: 2\/()J_1‘I)+2H()J_1( (I)’+()||lv)—2\/()l,()l(ll):|
et al (2014,2015) +(1—Q)‘!’J_.',,[4Sj_—7—{01A1ua“)+4)201(1)] . (100)
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The Spherical Bessel representation
of galaxy fractional overdensity

* A, can be decomposed in the following way:

8% () = (tm|A,) = [ dx (ktmix) (x18,)



The Spherical Bessel representation
of galaxy fractional overdensity

* A, can be decomposed in the following way:

8% () = (tm|A,) = [ dx (ktmix) (x18,)

* Typically, a galaxy survey does not include all galaxies in
a region of space.

<X|Ag> — W(X)Ag(x)
where we have included the radial selection function



The Spherical Bessel representation
of galaxy fractional overdensity

* A, can be decomposed in the following way:

8% () = (tm|A,) = [ dx (ktmix) (x18,)

* Typically, a galaxy survey does not include all galaxies in
a region of space.

<X|Ag> — W(X)Ag(x)
where we have included the radial selection function
e Then at first and second order we find

1 1 a
Af(R) = DG (1) + SALY (k) 4o = YA (B) + 5D ALY (R) + .
b a



e also Yoo & Desjacques (2013)

First-order terms

Im

AYD (k) = (ktm|ALD) = / Bx W(X) (kem|x) AYD ()



see also Yoo & Desjacques (2013)

First-order terms

AP (k) = (kem|APD)) = / d®x W(X) (kfm|x) AWM (x)
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* T®(k,n) isageneralised transfer function which relates the linear primordial potential with
a generic perturbation term (labeled with b);
. (I)p (k) is the primordial potential set during the inflation epoch:

. Wb is a generic operator that depends on x,n, 0/dx, 0/dn and A,



see also Yoo & Desjacques (2013)

First-order terms

AYD (k) = (ktm|ALD) = / Bx W(x) (kem|x)APD (x)

Im
where
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b(1) _ b ~ b 1kx
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* T®(k,n) isageneralised transfer function which relates the linear primordial potential with
a generic perturbation term (labeled with b);
. (I)p (k) is the primordial potential set during the inflation epoch:

. Wb is a generic operator that depends on x,n, 0/dx, 0/dn and A,

where
0 0 0 0
b ~ ~
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AaYim (B) = —£(£ + 1) Y ()



see also Yoo & Desjacques (2013)

First-order terms

AYD (k) = (ktm|ALD) = / Bx W(x) (kem|x)APD (x)
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* T®(k,n) isageneralised transfer function which relates the linear primordial potential with
a generic perturbation term (labeled with b);
. (I)p (k) is the primordial potential set during the inflation epoch:

. Wb is a generic operator that depends on x,n, 0/dx, 0/dn and A,
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see also Yoo & Desjacques (2013)

First-order terms

AU (1) = (kem|A0) = [ E*x WD) (ktmix) A0 (x
|

A0 = [ A0 1, By, (),

where:
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see also Yoo & Desjacques (2013)

First-order terms

AU (k) = (kem|AYD) = [ &*x W(x) (kemlx) A5 ()

4
A0 = [ S M )Y (0, )
4

(Ag”™ (k) A5 (k) = SetrSunms / ggk My (k, k) MG (K k) Pa(F)

Spherical galaxy Power Spectrum !



First-order terms

M (k, k) = k\/g / dx X*W(x)(4i)je(kx) /O “ax [W’z (xx 7,7, % 8%) T (k, ﬁ)je(fcfc)]
 Example 1):
o) (k,m) = T (k, )Py (k)
W = 8°(¢ - x)

My (k, ) = /2 [ dx W) (4mif)je(kx) e (k) TP (i, 1)



First-order terms
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First-order terms

) 5 PN 8 0
M (k, k) = k\/; / dx X*W(x) (4mi)je(kx) / dx [WZ (x,x, "’"’a_x’a_ﬁ) Tb(k,n).%(kx)]

0

 Example 3):




First-order terms
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Bispectrum including GR projection
effects on large scales

Schmidt et al. 2008 studied the corrections to the galaxy

three-point correlation function induced by weak lensing
magnification.

Di Dio et al. (2014, 2015, 2016a, 2016b) and Kehagias et al.
2015 compute the three-point correlation function in
configuration space, including only some projection terms.

Umeh et al. (2016), Jolicoeur et al. (2017a,b, 2018) analyzed
the bispectrum in Fourier space including some bias terms in
flat-sky but not non-local integrated terms.

Kazuya et al. +DB (2018), using the consistency relation in
Fourier space, we derive the observed galaxy bispectrum from
single-field inflation in the squeezed limit.



Bispectrum including GR projection
effects on large scales

* |[n DB+ 2017 we write the galaxy Bispectrum
using the “Spherical-Bessel” formalism

* Spherical galaxy Bispectrum includes all wide-
angle and relativistic terms

* The full expression is without any
approximations!!!



Second order
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Second order
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Second order
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Second order
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M@ are generating functions at second contain all the physical effects!



Bispectrum
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Bispectrum
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By, ,05(k1, k2, k3) is rotationally invariant for rotations
(around the line of sight passing through the circumcenter),
i.e. it must satisfy the following conditions:

(i) ; + £y = £; = |€; — £]| (triangle rule);
(11) €, + £, + €5 = even;
(lll) mp + my +msz = 0.



Bispectrum
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with

. m ~21lp L a
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Cg is a combination of multipoles and 3j- and 6j-Wigner symbols, P4 denotes the primordial
and the Gaunt integral is

. . . . 20, +1)(205 + 1)(243+ 1 by by ¥ by by £
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Conclusions

While it is always possible to embed the observed sphere in a cubic
volume with rectangular coordinates and to perform a power
spectrum analysis, it becomes difficult in principle to connect these
large-scale measurements to the underlying theory, because the
flat-sky approximation has a limited range of validity.

The observed galaxy fluctuation decomposed in terms of Fourier
spherical harmonic modes provide a natural orthogonal basis for all-
sky analysis.

Therefore the spherical Fourier analysis provides a complete and
comprehensive description of galaxy clustering and its associated
effects.

Working in spherical Bessel coordinates, it is possible to derive a
compact expression for the Power Spectrum and Bispectrum that
encompasses all the physical contribution at first and second order,
including integrated terms for radial configurations.
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